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In this study, we proposed a discrete particle swarm optimization algorithm to determine a 
sequence of n jobs to be processed through m machines that minimizes the number of tardy 
jobs. We also developed a traditional genetic algorithm and compared the performances of 
both algorithms for finding the optimal processing sequences. The algorithms were 
implemented using the due date configurations of Demirkol et al. (1998)’s data sets. It is 
concluded that the particle swarm optimization algorithm gives promising solutions by means 
of the proposed SPV (Smallest Position Value) heuristic rule. 
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1. Introduction  
Scheduling is of great importance in both manufacturing and service industries. It 

significantly improves the utilization of resources and profitability of production lines. It has 
many applications ranging from distribution networks to machine environment. In this study, 
we deal with machine scheduling in permutation flow shops.  

Flow-shop scheduling is one of the most well-known problems in the area of scheduling. 
Various dispatching rules, exact, and heuristic methods have been proposed since the 
pioneering work of Johnson (1954) for the job sequencing problems on single or two 
machine environments, whereas the examples of flow shop scheduling are too few; the 
available ones are mostly concerned with the makespan and/or maximum lateness 
minimization.  

Hariri and Potts (1989) developed the first exact algorithm for the number of tardy jobs 
problem for permutation flow shops, ∑ iUFm ; however, it is not very practical for large 
sized flow shops. In this study, we are going to solve this particular problem using a 
traditional genetic algorithm (GA) and a particle swarm optimization algorithm (PSO). Even 
though GA is mostly used in scheduling problems, we will be the first to apply PSO to the 

∑ iUFm  problem.  
The paper is organized as follows: Section 2 gives a brief description of number of tardy 

jobs problem in a permutation flow shop. In section 3, literature review related to the number 
of tardy job problem is given. The genetic and particle swarm optimization algorithms and 
their methodologies are introduced in section 4 and 5, respectively. The experimental design 
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of the studies and their computational results are shown in sections 6 and 7. Finally, we draw 
conclusions from results in section 8. 

2. Problem Definition 
In a flow shop manufacturing system, different machines are set up in series, and each 

task is performed on all machines. There are n number of jobs available to be processed on m 
number of machines. If a flow shop is a permutation type, a sequence for n jobs is 
determined, and the jobs undergo through operation on all machines without changing their 
sequence. 

The assumptions for the permutation flow shop problem are the following: 1) Each task is 
to be processed once on each machine from machine 1 to m. 2) Each task is done on at most 
one machine at a time. 3) Each machine can process only one task at a time. 4) Preemption is 
not allowed. 5) Set-up times are negligible. 6) All tasks release at work center at time zero. 7) 
The operating sequence of tasks is the same on every machine.  

Minimizing the number of tardy jobs is important for the manufacturer to avoid the loss 
of customer good will; therefore, it is of great interest in industry. Our problem in this study 
is the minimization of number of tardy jobs in permutation flow shops.  

To be able to define a job as tardy or early, we have to compute the completion time and 
the tardiness of each job. Given the processing times jkp  for job j and machine k, and a job 
permutation { }nππππ ,...,, 21=  where n jobs ( )nj ,...,2,1=  will be sequenced through m 
machines ( )mk ,...,2,1=  using the same permutation, then the problem is to find the best 

permutation of jobs to be valid for each machine. If we label
( )mjC ,π

 as the completion time 

of job jπ
 on machine m, given the job permutation { }nππππ ,...,, 21= , the calculation of 

completion time for n-job m-machine problem is given as follows:  
     
( ) 1,1 1

1, ππ pC =  ( ) ( ) njpCC
jjj ,...,21,1, 1,1 =+= − πππ
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Let 
( )jT π

 denote the tardiness of job jπ
 and can be defined as 
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where ( )jd π  is the due date of job jπ
, and if  we label ck(π ) as the total number of tardy 

jobs counter for permutation π , 
*π  as the sequence giving the minimum number of tardy 
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3. Literature Review 
Single machine scheduling constitutes the widest part of the literature. There are also 

examples of two-machine scheduling; but examples of m-machine environment in the 
literature are too few. 

Moore (1968) found that minimizing the number of tardy jobs on a single machine, 
∑ iUF1  is an easy problem which requires  log n)O(n time to be solved, whereas Karp 

(1972) demonstrates that minimizing the weighted number of tardy jobs on a single machine, 
∑ iiUwF1  is NP-hard. Single machine problems are polynomially solvable with some 

assumptions (Lawler, 1976; Lawler and Moore, 1969; Sahni, 1976). When some other 
details, such as set-up times, release times, precedence constraints, etc are added to the 
problem, the problem turns into an NP-hard problem (Steiner, 1997; Rote and Woeginger, 
1998; Dauzére-Pérés, 1995; Moore, 1968; Baptiste et al., 2003; Dauzére-Pérés and Sevaux, 
1999; Sevaux and Dauzere-Peres, 2003; Gordon and Kubiak, 1998; and Peridy et al., 2001).  

 Various exact, heuristic and metaheuristic methods were developed for single machine 
scheduling. Lawler and Moore (1969), Held and Karp (1962), Hariri and Potts (1994), and 
Kise et al. (1978) used dynamic programming (DP), while Villareal and Bulfin (1983), Potts 
and Wassenhove (1998), and Hallah and Bulfin (2003) used branch and bound algorithm 
(B&B). Yoo and Martin-Vega (2001) compared their hybridized genetic algorithm with other 
algorithms. There are also examples of bicriteria scheduling problems which are solved using 
B&B algorithm or GA (Güner et al., 1998; Chang and Su, 2001; and Köksalan and Keha, 
2003). Among those articles, Lawler and Moore’s DP approach can solve problems with up 
to 1000 jobs (1969), Potts and Wassenhove’s B&B can solve problems with up to 100 jobs 
(1998), and Hallah and Bulfin’s heuristic can solve problems with up to 2500 jobs (2003). 

There are few articles (Gupta and Hariri, 1997; Croce et al., 2000; Lin, 2001; and Bulfin 
and Hallah, 2003) written about minimizing the number of tardy jobs on two machines, 

∑ iUF2 . The complexity of the problem is first settled by Lenstra et al. (1977) to be 
strongly NP-hard.  

Scheduling n jobs on permutation flowshop problems are mainly concerned with the 
minimization of the completion time or maximum tardiness (Iyer et al., 2004; Reeves et al, 
1998; Bertel and Billaut, 2004; Taillard, 1990; Ying and Liao, 2004; Tasgetiren et al., 2004 a 
and c; and Leu and Hwang, 2002).  

Hariri and Potts (1989) present the first exact algorithm for the NP-hard ∑ iUFm  
problem. The B&B algorithm they used can solve problems with up to 3 machines with 25 
jobs. Lodree et al. (2004) propose a new sequencing rule, Earliest Adjusted Due Date 

(EADD) for the ∑ ij UrFm
problems with up to 50 jobs on 3 machines, and lastly Bertel and 

Billaut (2004) propose a GA to minimize the weighted number of tardy jobs in small sized 
flow shops with 8 jobs on 3 machines at most. 



 240

4. Genetic Algorithm 
Genetic algorithms start with a population of solutions, whereas most stochastic search 

methods start with a single solution. An initial population is formed randomly or by means of 
a heuristic algorithm. Solutions are encoded in a form, which are called chromosomes. Each 
chromosome shows a complete solution to a problem. They are each assigned a fitness score 
that represents the ability of chromosomes to compete for mating and staying alive.  

Parents are picked up to mate according to their fitness values. The fitter chromosomes 
produce more offspring than the less fit chromosomes. The solution set is then imposed to 
crossover, mutation and inversion. These stochastic operators are required for diversifying 
the solution pool and especially getting better solutions. Since the size of the population 
should be maintained statically, some weak individuals in the population die, and better 
solutions thrive to stay alive. The cycle continues until a certain number of iterations is 
executed or once the population converges. The solution procedure is summarized in the 
pseudo-code in Table 1.   

Table 1 Pseudo-code of the Genetic Algorithm 
Genetic Algorithm () 
{Initialize population P of size λ  /* a randomly generated population*/ 
Evaluate λ individuals in P   /*check the fitness of each chromosome*/ 
While termination criteria not satisfied do 
{ Select 2* µ individuals from P 
Crossover individuals to produce µ offspring 
Mutate some individuals in µ 
Add µ offspring to λ individuals in P 
Evaluate (λ + µ) individuals in P 
Select λ individuals from (λ + µ) individuals in P } 
End Genetic Algorithm ( )} 

5. Particle Swarm Optimization Algorithm 
PSO is a rather successful method for the continuous optimization problems; however, it 

is very difficult to adapt it for the discrete case; many studies have been done on it. These 
approaches can solve the combinatorial problems to some extent. 

The PSO paradigm resembles to GA at some points. The initialization of the algorithm is 
done with a population of random solutions. New generations are formed by means of 
velocity updates. The optimal solution is searched among the updated generations. The 
potential solutions, called particles, fly through the multi-dimensional search space, and 
follow the current optimum particles. Execution of the algorithm is terminated as soon as the 
maximum number of iteration or maximum CPU time is exceeded.  

All particles in the pool are kept during the whole run. PSO does not incorporate the 
survival of the fittest, whereas all other evolutionary algorithms do. Each particle has a 
velocity. Particles are carried to new positions with this velocity. The fitness values of 
particles are evaluated according to their positions at each iteration. 

There is a communication between particles, each particle shares its information with 
others. A particle exchanges its information with the particles in the neighborhood. 
Therefore, after some number of iterations the swarm loses its diversity and the algorithm 
converges to the optimal solution.  
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In recent years, PSO has been successfully applied in many areas. It solves a variety of 
optimization problems in a faster and cheaper way than the evolutionary algorithms in the 
early iterations. It has few parameters to adjust and it works well for different kind of 
problems when the algorithm is slightly modified. The pseudo-code of the algorithm is given 
in Table 2.   

Table 2 Pseudo-code of the PSO Algorithm 
Initialize parameters 
Initialize population 
Find permutation 
Evaluate  
Do  
           { Find the personal best  
             Find the global best 
             Update velocity 
             Update position 
             Find permutation 
             Evaluate 
             Apply local search (optional) } 
While (Termination) 

 
The basic elements of PSO algorithm is summarized as follows: 

Particle: 
t
iX denotes the ith particle in the swarm at iteration t and is represented by n 

number of dimensions as [ ]t
in

t
i

t
i

t
i xxxX ,..,, 21= , where 

t
ijx  is the position value of the ith particle 

with respect to the jth dimension ( nj ,...,2,1= ).  
 
Population: 

tpop  is the set of ρ  particles in the swarm at iteration t, i.e., 
[ ]tt

2
t
1

t X,...,X,Xpop ρ=   
 
Permutation: We introduce a new variable 

t
iπ , which is a permutation of jobs implied by 

the particle 
t
iX . It can be described as [ ]t

in
t
i

t
i

t
i ππππ ,..,, 21= , where 

t
ijπ  is the assignment of job j 

of the particle i in the permutation at iteration t. 
 
Particle velocity: 

t
iV  is the velocity of particle i at iteration t. It can be defined as 

[ ]t
in

t
i

t
i

t
i vvvV ,...,, 21= , where 

t
ijv  is the velocity of particle i at iteration t with respect to the jth 

dimension. 
 
Inertia weight: tw  is a parameter to control the impact of the previous velocities on the 
current velocity.  

Personal best: 
t

iP  represents the best position of the particle i with the best fitness until 
iteration t, so the best position associated with the best fitness value of the particle i obtained 

so far is called the personal best. For each particle in the swarm, 
t

iP  can be determined and 
updated at each iteration t. In a minimization problem with the objective function ( )t

if π  

where
t
iπ  is the corresponding permutation of particle

t
iX , the personal best 

t
iP  of the ith 
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particle is obtained such that ( ) ( )1−≤ t
i

t
i ff ππ  where

t
iπ  is the corresponding permutation of 

personal best
t

iP  and
1−t

iπ  is the corresponding permutation of personal best
1t

iP −

. To simplify, 
we denote the fitness function of the personal best as ( )t

i
pb

i ff π= . For each particle, the 

personal best is defined as [ ]t
in

t
2i

t
1i

t
i p,...,p,pP =  where 

t
ijp is the position value of the ith personal 

best with respect to the jth dimension ( nj ,...,2,1= ). 
 
Global best: tG  denotes the best position of the globally best particle achieved so far in the 

whole swarm. For this reason, the global best can be obtained such that ( ) ( )t
i

t ff ππ ≤  for 
ρ,.,..2,1=i  where tπ  is the corresponding permutation of global best tG  and 

t
iπ  is the 

corresponding permutation of personal best 
t

iP .  To simplify, we denote the fitness function 

of the global best as ( )tgb ff π= . The global best is then defined as [ ]t
n

t
2

t
1

t g,...,g,gG =  where 
t
jg  

is the position value of the global best with respect to the jth dimension ( nj ,...,2,1= ). 
 
Termination criterion: It is a condition that the search process will be terminated. It might 
be a maximum number of iteration or maximum CPU time to terminate the search. 
 
Solution Representation 

 In order to construct a direct relationship between the problem domain and the PSO 
particles for the PFSP, we present n number of dimensions for n number of jobs. In other 

words, each dimension represents a typical job. In addition, the particle [ ]t
in

t
i

t
i

t
i xxxX ,...,, 21=  

corresponds to the continuous position values for n number of jobs in the PFSP. Table 3 
illustrates the solution representation of particle

t
iX  for the PSO algorithm with its 

corresponding permutation. According to the SPV rule in Tasgetiren et al. (2004 a, b, c, and 
d, 2005) the parameter vector is converted to the job permutation as shown in Table 3.  

Table 3. Solution Representation of Particle t
iX  

 
 
 
 
 
 
 

This representation is unique in terms of finding new solutions since positions of each 
particle are updated at each iteration t in the PSO algorithm, thus resulting in different 
permutations at each iteration t. 
Initial Population 

A population of particles is constructed randomly.The continuous values of positions are 
established randomly. The following formula is used to construct the initial continuous 
position values of the particle uniformly: 

( ) 1minmaxmin
0 * rxxxxij −+=  

where ,0.1,0.1 maxmin =−= xx and r1 is a uniform random number between 0 and 1.  
Initial velocities are generated by similar formula as follows: 

Dimension,  j 1 2 3 4 5 6 
t
ijx  1.80 -0.99 3.01 -0.72 -1.20 2.15 
t
ijv  3.89 2.94 3.08 -0.87 -0.20 3.16 

Jobs, t
ijπ  5 2 4 1 6 3 
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( ) 2minmaxmin
0 * rvvvvij −+=  

where ,0.1,0.1 maxmin =−= vv and r2 is a uniform random number between 0 and 1.  
Continuous velocity values are restricted to some range, namely  

[ ] [ ]0.1,0.1, maxmin −== vvvt
ij   

where maxmin vv −= . Population size is the twice the number of dimensions. As the formulation 
of the problem suggests that the objective is to minimize the number of tardy jobs, the fitness 
function value is the number of tardy jobs for the particle i in the swarm. That is, 

( ) ( )mcf tt
i

t
i n

,min ππ =  
where

t
iπ is the corresponding permutation of particle

t
iX . For simplicity, ( )t

i
t

if π  will be 
denoted as 

t
if . 

The complete computational procedure of the PSO algorithm for the problem can be 
summarized as follows: 
Step 1: Initialization 

Set t=0, ρ=twice the number of dimensions. 
Generate ρ  particles randomly as explained before, { }ρ,...,2,1i,X 0

i =  where [ ]00
2

0
1

0 ,...,, iniii xxxX = . 

Generate the initial velocities for particle i randomly, { }ρ,...,2,1i,V 0
i =  where [ ]00

2
0
1

0 ,...,, iniii vvvV = .  
Apply the SPV rule to find the permutation [ ]00

2
0
1

0 ,..,, iniii ππππ =  of particle 
0
iX  for ρ,...,2,1i = . 

Evaluate each particle i in the swarm using the objective function 
0

if  for ρ,...,2,1i = . 

For each particle i in the swarm, set 
0
i

0
i XP = , where [ ]0

in
0
in

0
2i

0
2i

0
1i

0
1i

0
i xp,...,xp,xpP ====  together 

with its best fitness value, 
pb

if  for .,.,..2,1 ρ=i  

Find the best fitness value among the whole swarm such that { }0
il fminf =  for ρ,...,2,1i =  with 

its corresponding positions
0
lX  . Set global best to 

0
l

0 XG =  such that 
[ ]n,ln2,l21,l1

0 xg,...,xg,xgG ====  with its fitness value l
gb ff = . 

Step 2: Update iteration counter 
1+= tt  

Step 3: Update inertia weight 
β*ww 1tt −=  where β is decrement factor. 

Step 4: Update velocity 
( ) ( )1t

ij
1t

j22
1t

ij
1t

ij11
1t

ij
1tt

ij xgrcxprcvwv −−−−−− −+−+=  
where c1 and c2 are social and cognitive parameters and r1 and r2 are uniform random 
numbers between (0,1).  
Step 5: Update position  

t
ij

1t
ij

t
ij vxx += −

 
Step 6: Find Permutation 
Apply the SPV rule to find the permutation [ ]t

in
t
i

t
i

t
i ππππ ,..,, 21=  for ρ..,2,1i = . 

Step 7: Update personal best\ 
Each particle is evaluated by using the permutation to see if personal best will improve. That 
is, if 

pb
i

t
i ff <  for ,,.,..2,1 ρ=i  then personal best is updated as 

t
i

t
i XP =  and 

t
i

pb
i ff = . 

Step 8: Update global best 

Find the minimum value of personal best. That is, { } { }.,...,2,1; ;,...,2,1 ,min piilpiff pb
i

t
l =∈==  
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If 
gbt

l ff < , then the global best is updated as 
t
l

t XG = and 
t

l
gb ff = . 

Step 9: Stopping criterion 
If the number of iteration exceeds the maximum number of iteration, or maximum CPU time, 
then stop; otherwise go to step 2. 

6. Experimental Design 

The ∑ iUFm  problem is known to be NP-hard; therefore, it is computationally 
expensive to solve the problem with exact algorithms such as B&B or DP. We have chosen 
the the PSO algorithm to solve the problem and compared its performance with a traditional 
GA in terms of the execution time (cpu) and the number of tardy jobs.  

The algorithms were coded in Borland C++ and runs were done on a Centrino 1.5 GHz 
computer with 256 MB memory. 10 replications of 20 instances were run for 20x15, 20x20, 
30x15, 30x20, 40x15, 40x20, 50x15 and 50x20 problem sets (Demirkol et al., 1998).  

The crossover probability of GA is tuned to 70 % and the mutation probability to 5 %. 
Initially, a population of size λ  is constructed probabilistically which equals twice the 
number of jobs. At each generation, two parents with a random selection are determined to 
produce an offspring through order-based crossover and the crossover has been maintained 
until µ offspring are produced. The tournament selection of size 2 is used to establish the next 
population. By this way µ individuals are replaced among λ+µ individuals. The algorithm is 
run for 2500 generations.  

Regarding the PSO parameters, social and cognitive parameters are taken as 221 == cc  
consistent with the literature. Initial inertia weight is set to 2.10 =w and is never decreased 
below 0.40. Finally, the decrement factor β is taken as 0.975. Population size is twice the 
number of dimensions. The SPV rule is used to convert a position vector to a job 
permutation. The obtained personal best and the global best values are recorded in the 
memory. The particles are mutated with a probability of 5 %. The algorithm converges after 
2500 iterations. 

7. Results 
Table 4 is a comparison of the performances of GA and PSO algorithms in terms of 

number of tardy jobs. As seen, the average fitness values of PSO are less than those of GA. 
The cpu statistics are given in Table 5. PSO seems to be giving better results for the data sets 
20x15, 20x20 and 30x15 problems. GA is faster to solve for more complex data sets.  

   
Table 4 Comparison of fitness values 

 GA  PSO  GA  PSO  GA  PSO GA  PSO  

J x M AVG AVG 
STD. 
DEV 

STD. 
DEV MAX MAX MIN MIN 

20X15 17.21 16.88 2.53 2.71 20 20 10 10 
20X20 18.37 18.24 2.13 2.34 20 20 13 13 
30X15 23.26 22.8 4.04 4.16 29 29 14 14 
30X20 25.44 25.03 4.2 4.29 30 30 16 16 
40X15 27.27 26.87 6.38 6.17 36 36 15 15 
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40X20 31.17 30.85 5.4 5.27 39 39 20 20 
50X15 31.9 31.56 7.76 7.32 44 43 17 18 
50X20 35.99 35.58 7.78 7.38 47 46 21 21 

 
 

Table 5 Comparison of cpu values 
 GA  PSO  GA  PSO  GA  PSO GA  PSO  

J x M AVG AVG 
STD. 
DEV 

STD. 
DEV MAX MAX MIN MIN 

20X15 1.46 0.97 0.6 0.05 5.54 1.08 1.02 0.9 
20X20 1.71 1.07 0.59 0.05 5.07 1.17 1.11 1 
30X15 2.51 1.86 0.95 0.08 9.15 2 1.66 1.69 
30X20 1.93 2.1 0.07 0.23 2.39 4.37 1.8 1.94 
40X15 2.62 3.22 0.09 0.03 2.8 3.33 2.45 3.11 
40X20 2.96 3.64 0.05 0.03 3.11 3.72 2.8 3.58 
50X15 3,69 5,14 0,08 0,04 4,26 5,27 3,45 5,01 
50X20 4,23 5,81 0,08 0,05 4,5 6,06 3,9 5,68  
We checked the normality of the data and did paired t-test to for all data sets to see which 

algorithm performed better. We established our hypothesis as; 

0:
0:

1

0

>−
=−

PSOGA

PSOGA

H
H

µµ
µµ

 
In all data sets, we saw that the null hypothesis was rejected since all p-values obtained 

were less than the 5% significance level, which meant that PSO gave more promising results 
than GA.   

Table 5 Paired t-test results 
JxM P-Value JxM P-Value 

20x15 0,00000011 40x15 0,00000305 
20x20 0,00005449 40x20 0,00000355 
30x15 0,00000010 50x15 0,00068857 
30x20 0,00000009 50x20 0,00001573 

8. Conclusions 
To the best of our knowledge, our study stands to be the first to apply the particle swarm 

optimization algorithm to minimization of tardy jobs problem in permutation flow shops. We 
enabled that algorithm to be applied to the discrete case by using a simple SPV heuristic rule. 
Then, we compared its performance with a traditional GA that we developed. We saw that 
the PSO algorithm gave very promising results for finding better sequences.  

It will be more meaningful if we generate the due dates which are more realistic. It is also 
among our further studies to develop more meaningful upper and lower bounds for due dates. 
Ours is still one of the important studies and it will be more valuable if we polish it with 
further research. 
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